
Descriptive Set Theory
Lecture 6

The hyperspace of wnpait subsets . let ✗ be a hop . space
I let AK)

denote the set of all of the contract saheb of X
, including ∅ .

For general A c- PIX)
,
we define sets of the following forms

(a)a := { A c-A : A ≤ U}
[a)A := { A c- A : AAU -1-01}

,

for an open what U ≤ ✗
. The Vietoris top on Ktx) is

the one generated by the sets (a)
*,
I [U] pay ,

-here

U ranges over
open subsets of

X
.

u d)
rid "

☐!¥ I""
☐

.

Thus finite intersections of sits of the Iron (4)
read or a)

for- a basis her the top . on ACH
, namely , sets of the

term : < do ; Uykyayllu>
'
-= (4)aµn Mitral . . . Aldrin#

where n ≥0
,
we may assure WLOG ht Hi

,
Un ≤ Uo that

taking Ui Allo instead of Ui) .



Prop. If ✗ is a separable top . space , then so is KCXI
.

×
Proof

.
let DEX be ctbl dense

. u
.

Then 5- : = (D) ÷ / finite sorbets of 8} !!i
is ctbl and we show tht it's dense in Kad

.

let <Uojlly . . .

,
ha> be a basic open sit in klkl , ahem we assure

UIEU
. V-i-4.ir . By the density at D, Fdi , dy,da ED

sit
.

di c- Ui
,
so the impact at ldydr, du} c- ( U g- Ui, > Un

>
.

Note : the at ∅ c- RIH is an isolated poiat , i. e. 103 is
open ink 1×1; indeed, ④read -103 .

r

When ✗ is metrizable
,
then we can equip Ktx) with the Hausdorff

metric
.

let d be a metric for X
.
let K
,
LEKIX) :

dµ(kit = info / k≤ Bk,r) and 4- BCK,r) ] ,
where Blk

,
r) := ↳ c-✗ : Ilk

, ×
) - r}

.

It's convenient to also define the hen sgwetnic version :
K
,
4 := igf.lk ≤ 131hr)] .

thus
/ dµlK, 1) = mint dike

,
is
,
d? 14k)) '



Pop . Hausdorff metric is compatible with the Vietoris topology .
Proof

. left as an exercise
.

\

We now study convergence is KIX) having the goalof proving
tht if IX

,
d) is uapkte then so is @ 1×1

,
da) .

Example . let HIM := ART Euclidean ) I kn = B- (0,1+1-41) .
µ.

Then dH( Ku
,
B- 107 D) = th th so

g.
•

"

% Ku→ B- ( , 1) in DH
.

Given a da - Candy sequence (Ku)
,
we need to define a

potential limit K for it
.

The following constructions are

some possibilities :

For
any sequence Ku of subsets of ✗

,

the topological upper limit of Ku) is

Thin ku := / ✗ EX : evey open U > × meets } ,u 9 many of
the Ku

ad the top . lower limit of ( Ku) is



Tluimku : = / ✗EX :

every open
b- ✗ meets

all but 1in
. may

ka} -
Notre tht both III al th are closed regardless of (Ku) .

Note tht ilium Ku = ¥, Kj .
If Xi, 1ˢᵗ- d-bl leg .

metrizable
,

then we also have

syueatial representation of these top . limits :

Tulin Ku = / ✗EX : 7 (✗uh , ✗
a.Ekin , Hun). >

×} .

Think, = / ✗c-X : 7 /✗ a)
,
V-ixac.tn

,
A) →× }

.

Wendy , Think ≤ Thin ku and when they are equal ,
we just call it the top .

limit and denote it by Thika .

Prop . If Kyke KH) I Kn→µK ,
then Think, = K .

Proof
. Exercise . \

Examples . (a) 4--113 I kn := [- n , n] . Then Thinkin = IR .

Thus
,

the top .

tin
.

of compact sets need not be aoapact.



(b) let ✗ :=lR I kn := 10,13 ✓ In , an] ,
net

.

1- linn Ku = 10,1)
= Thinkin to Think = 10,1] ,

yet dti (Ku
,
Ku) ≥ I ta# in , so (Ka ) doesn't

havezl in Hausdorff metric
.

(c) let ✗⇐ IR al ka :-, {
[Oil] if u is even

[1,2] if u is odd .

€2 Thin ku -113 while Thinkin
--1923

.

Ko ki h

4¥ %
:

theorem .
If (X

,
d) is cogitate, then 1kW

,
da ) is aupkte .

Proof
.

let (Ku) ≤ RN be a dy - Cauchy sequence .

let K := Thin ku = A Uku
h th≥h

= { ✗ EX : 7 kind → ×
, Xun C- Knu} .

Claim
.

K is compact .
Proof. K is closed

,
so it awaits to show tht it's totally

bounded
.

let { > 0
.

let N be large enough so tht

ta
,
-7N

,
dti ( Ku

,
Ku) < & .



let F be a finite &
,
-
net her kN .

Then

kN ≤ BCF
, %) I b- a ≥N

,
Rn ≤ BIKN , E.) ,

so the
,
Ku c- B / F

, 4- + &) . Thus ,
Ukn ≤ B IF

, E) . Hence
,
K ≤ BLF

,
E)

,
""N

so f- is an E- net for K
.

Next we show tht da / Ku
,
E) → 0 . lets >0 I let N

be large enough to tht die lku
,
Ku) < { Kym≥N.

Gain ? - DICK
,
Kuk { t n ≥N

.

Proof
.

k≤ V km ≤ Blku
,E) ≤ Bfku , E) -

m≥n

Claim }
.
dii (Ku ,k) < E ta ≥N

.

Proof. We need to stor tht ka ≤ $1K, E) , i. e. fixing
K ku

✗ c- Ku
,
we need to find yc-ks.t.dk, g) < {.

y #
let lkni) be a subserve , starting with no :=n

,
sit

.

UH /Kui , Kuai < § . 2- i. Then 7 (✗it , starting ×. :=x,
it

.
✗ it Kui al lxi) is d-Candy ( do this

inductively , using dy /Kui , Ku;) < § . 2-
i
Kj≥i) .

then by the completenun at d , 3-yc-xs.t.li→ y



as i→ N
.

But then by the sequential character
citation of T Ku

, y C-
K
. ✗

hooky .
If ✗ is Polish

,
then so is KCXI

.

Corollary . If Xi , ayad metrizable, then so is KIX)
.

Proof
. Bend we already know tht dy is couplet, it remains
to show tht kN is totally bounded

. Fix E- 0 .
let F be a finite 9-net for X

.

Then PIF) is

finite and we check that P (F) is an E- net for KIX)
.

Indeed
,
let K c- Klx) and take Fk := / ✗ C- F : 131%41 k≠∅}.

Then because ✗ = ¥+13194 ,
K ≤¥ 134,4--1345, E) .

Also
,
Fu ≤ Blk

,
E) by definition

,
so date , K) < { .


